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\ In this paper we consider a simplified two-dimensional scalar model for the for- 

\ mation of mesoscopic domain patterns in martensitic shape-memory alloys at the 

interface between a region occupied by the parent (austenite) phase and a region oc- 



cupied by the product (martensite) phase, which can occur in two variants (twins). 
Qh' The model, first proposed by Kohn and Miiller [22], is defined by the following 

' functional: 



£{u) 



pL ph 

h(0,-)llHi/2([o,/i]) + / dx dy {\u^\'^ + e\uyy\) 



where u : [0,L] x [0,h] — )• M is periodic in y and Uy = ±1 almost everywhere. 

. Conti [12] proved that if /3 ^ eL/h'^ then the minimal specific energy scales like 

m '. ~ min{(e/3/L)i/2^ {e/Lf/^}, as {e/L) 0. In the regime (e/3/L)V2 ^ {e/Lf/^, we 

0\ ■ 

ff^ ■ improve Conti's results, by computing exactly the minimal energy and by proving 

that minimizers are periodic one-dimensional sawtooth functions. 



^ 1. INTRODUCTION AND MAIN RESULTS 

^ ■ The formation of mesoscopic scale patterns in equilibrium systems is often due 

to a competition between interactions favoring different microscopic structures; 
e.g., a competition between a short range attractive interaction favoring a homo- 
geneous ordered state and a long range repulsive interaction, which opposes such 
ordering on the scale of the whole sample. Mathematically, this phenomenon 
can be modeled by (non-convex) free-energy functionals, whose minimizers are 
supposed to describe the low energy states of the system. The details of the 
free-energy functional to be considered depend on the specific system one wants 
to describe: applications range from micromagnetics [10, 14, 16, 24] to diblock 
copolymers [2, 4, 8, 29], elasto-plasticity [5, 13], superconducting films [9, 15, 30] 
and martensitic phase transitions [11, 12, 22, 23], just to mention a few. 

In all these cases, combinations of variational estimates and numerical simu- 
lations typically allow one to construct an approximate (and quite realistic) low 
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temperature phase diagram, which often displays a wide range of ordering effects 
including formation of striped states [21, 26, 32], droplet patterns [16, 27], trian- 
gular lattices [1, 35], etc. However, a satisfactory theory of pattern formation in 
more than one dimension is still missing and the number of physical models for 
which periodicity can be rigorously proven is very small [3, 6, 7, 17-20, 25, 33, 34]. 
In this paper we prove periodicity of the minimizers of an anisotropic 2D free- 
energy functional, motivated by the theory of martensitic phase transitions. Our 
methods are based on a combination of reflection positivity estimates, in the spirit 
of [17-20], and of Poincare-type estimates. We hope that these techniques will 
lead to more general examples of spontaneous pattern formation in anisotropic 
systems with competing interactions. 



2. DEFINITION OF THE MODEL AND MAIN RESULTS 

We consider a simplified two-dimensional (2D) scalar model for the forma- 
tion of mesoscopic domain patterns in martensitic shape-memory alloys at the 
interface between a region occupied by the parent (austenite) phase and a region 
occupied by the product (martensite) phase, which can occur in two variants 
(twins). The model, first proposed by Kohn and Miiller [22], is defined by the 
following functional: 

8{u) = /3||«(0, Oll^v^ao,.]) + [dx £dyi\u,\' + ||«,,|) (2.1) 

where u : [0, L] x [0, /i] — >■ M is periodic in y and Uy — ±1 almost everywhere; 
therefore, the admissible functions are such that, for almost every x, the graph 
of y — > u{x, y) looks hke a (possibly irregular) sawtooth pattern. Here ^ and e 
are nonnegative parameters. The square of the if^/^-norm in the r.h.s. of (2.1) 
is defined as: 

IK0,-)|ll,i/2([o,,]) = 47r2^|/c|MA;)^ (2.2) 

fcez 

where UQ{k) = Jq dy u{0,y) e''^'^^'^^^^. The equivalent x-space representation 
of this norm is the following: 

II fa ^l|2 /'^ /■+°°^ , \u{0,y)-u(0,y')\'' 

ll«(0, ■)\\m/mo,h]) = I dy dy ^— , (2.3) 

where ^(0, 7/) : M — )■ M is the periodic extension of m(0, y) over the whole real axis. 

The problem consists in determining the minimizers of (2.1) for small values 
of e; existence of the minimizer was proved in [23]. As discussed in [22], the sig- 
nificance of the various terms in (2.1) is the following. The rectangle [O, L] x [O, h] 
is the "martensite" region. The regions where Uy — —1 and Uy — 1 correspond to 
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two distinct variants, which are separated by sharp interfaces. The term / |ttj;P 
is the "strain energy"; note that it vanishes only if the interfaces between the 
two twin variants are precisely horizontal, i.e., if the two variants form a striped 
(lamellar) pattern. The term {e/2) j \uyy\ is the surface energy; since Uy jumps 
from —1 to +1, \uyy \ is like a delta function concentrated on the interfaces between 
the twins. It can be expressed more conventionally as 

- dx dy\uyy\ =e dxN(x) , (2-4) 
2 JO Jo Jo 

where N{xo) = (1/2) dy\uyy\ is the number of twin boundaries that cross the 
line X = xq. More precisely, N{x) is defined as 

N{x) = ^snp {£ dyuy{x,y)ip'{y) : cp e C;~ and \ip\ < l} , (2.5) 

where C^^. is the set of periodic C°° functions on [0, h]. Note that if J J ul < oo 
then X I— J- u{x, ■) is a continuous map from [0, L] to L'^{[0, h]) and, therefore, N{x) 
is lower semicontinuous, being a supremum of continuous functions. Note also 
that S{u) < oo and the fact that Uy G L°°{[0,L] x [0,h]) imply that u has a 
(l/3)-Holder continuous representative [28]; therefore, in the following, with no 
loss of generality, we shall assume u to be continuous in [0, L] x [0, h]. 

The boundary x — represents the interface between the martensite and the 
austenite and the term proportional to the square of the iJ^/^-norm of u{0, y) is 
the "elastic energy in the austenite". In fact, the austenite should be imagined 
to occupy the region (— oo, 0] x [0, h] and to be associated with the elastic energy 

27r/3 r dx t\V^l:\^ , (2.6) 

J-oo Jo 

where ip is periodic in y, it decays to zero as x — > — oo and satisfies the boundary 
condition ■0(0, y) — u{0, y). Since the elastic energy of the austenite is quadratic, 
one can perform the associated minimization explicitly. This yields 

^(x, y) = Y, Mo(A;)e^"^^'^/''e2"l'=l^/'* , (2.7) 

whence ^ ^ 

27r/3 / dx I |VV'P = 47r2^^|A;||iio(A;)|^ (2.8) 

J-oo Jo f,^^ 

Depending on the values of the material parameters 13, e, the minimizers of (2.1) 
are expected to display different qualitative features. In particular, in [22], on the 
basis of rigorous upper bounds and heuristic lower bounds on the ground state 
energy of (2.1), it was conjectured that, if (e/L) ^ 1, the minimizers should 
display periodic striped (lamellar) order as long as 
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and asymptotically self-similar branched patterns as long as 

(2.10) 

Recently, Conti [12] substantiated this conjecture, by proving that if /3 ^ eL/h?' 
then Eq, the infimum of (2.1) over the admissible u's, satisfies upper and lower 
bounds of the following form: 

nim{c,(-) ,c,(-) }<^<nim{C,(-) , C,[-) }, (2.11) 

for suitable constants CsiCi^^CsiC}). The constants Cg and Cj, in the r.h.s. are 
obtained by choosing in the variational upper bound the optimal periodic striped 
configurations and the optimal branched configuration, respectively. 

In the present paper we improve the bounds (2.11), by proving that, if e and 
^ are small and such that (2.9) is satisfied, i.e., if 

O</3«0'"«^, (2.12) 

then the minimizers display periodic striped order. In particular, asympotically 
in the regime (2.12), the constant in the l.h.s. of (2.11) can be chosen 
arbitrarily close to Cg- Our main result is summarized in the following theorem. 

Theorem 1. // el? jl? and /3L^^^e~^/^ are positive and small enough, 
any minimizer u{x , y) of (2.1) is a one- dimensional periodic sawtooth function, 
i.e., 

u{x,y) ^ A + WM^iy -yo) : (2-13) 
with A and yo two real constants, wuiv) '■= /o d-z sign (sin ^^'-^) and 

M* — argmin{£(wM) '■ M even integer} . (2-14) 

Remcirk. An explicit computation shows that the number M* of corner points 
of the periodic minimizer, as defined in (2.14), is M* ~ {/3h'^/eLy? » 1 for 
P » eL/h'^, while it is of order 1 for ^ < eL/h^. 

In order to prove Theorem 1 we proceed in several steps. First, we show 
that the optimal profile among the one- dimensional (ID) profiles is a sawtooth 
periodic function. This is proved in Section 3 and in Appendix A, by using the 
reflection positivity method of [17-20]. Next, we show that the minimizers of 
the full 2D problem are ID in a subregime of (2.12), i.e., for 



< ^ < (27r2/i)-V2£V2 



(2.15) 
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The proof of this claim, which is discussed in Section 4, makes use both of the 
lower bound on the energy of ID configurations of Section 3 and of a Poincare 
inequality; the way in which these two bounds are combined is the key idea used 
in the study of the full regime, too. The proof of Theorem 1 in the full regime 
(2.12) requires a more sophisticated strategy: we first localize the problem in small 
horizontal slices, of vertical size comparable with the optimal period 2/i/M*, and 
then prove that in each slice = 0, by using a combination of Poincare-type 
bounds with a priori estimates on the local energy, similar to the one discussed 
in Section 4. This is discussed in Section 5. 



3. PROOF OF THE MAIN RESULT: FIRST STEP 

Let us assume that Ux = in (2.1). In this case u{x, y) = u{0, y) = uoiy) and 
(2.1) reduces to 



S{u) ^ p dy dy ■ — ^ eLMq , (3.1) 

Jo J—oo \y — y \ 

where Mq — N{x — 0) is the number of jumps of tio(y). Now, rewrite |y — 
as 

^ = r daae-'^^y-y'^ , (3.2) 

\y — y \ Jo 

so that 

roo fh r+oo 

S{u) daa dy dy' \uo{y) - Mv') l^e""!^-^ I + eLMo . (3.3) 

Jo Jo J-oo 

Let us denote hj < yo < yi < ■ ■ ■ < yMo-i < h the locations of the cusps of 
Mo(y), and let us define Uq \ i = 0, . . . , Mq — 1, to be the restrictions of Uq to the 
intervals Given Uq^ on [yi,yi^i], let us extend it to the whole real axis 

by repeated reflections about yi and yi+i] we shall denote the extension by Uq\ 
Using the chessboard estimate proved in [19] (see Appendix A for details) we find 
that, for any a e (0, +oo), 

ph f+oo 

/ dy dy'\uo{y)-My')\'e-''^'~'^> (3-4) 

Mq — 1 py-,i p-\-oo 

dy dy' \4\y) - u^\y')\'e-'^\y-y'\ , 

r, JVi J—OO 



^0-1 ^yi_^i _ ^+oo 

i=o ■'y - 

which readily implies 



e(u)>^t r * / + • (3.5) 

i=o \y ~ y \ 
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An explicit computation of the integral in (3.5) gives: 

r- MM^M^ . _ , (3.a) 

jyi j-oo \y ~ y \ 

where we used that E^i(2A; - 1)-^ = (7/8)C(3). As a resuh: 

^A^('i\ A^o-l a„ u2 Mq-I l „ 

Mo V 

(3.7) 

where cq = 14C(3)/7r2 and hi = yi+i - yi. Defining Eid{M) = /3coh'^/M + eLM 
and combining (3.7) with the variational bound S{u) < Eid{M*), where M* is 
the even integer minimizing Ei£,{M), we find that if u is the minimizer of S{u) 
under the constraint that = 0, 

Mo-l 7 2 

Eid(M*) > £(u) > E,d(Mo) + pco E (hi - jr) ' (3-8) 

which implies: (i) mm{£{u) : = 0} = Eid{M*); (ii) Mq = M*; (in) /i^ = 
h/M*, \fi. Note that even in the cases where Eid{M) is minimized by two 
distinct values of M, and M|, the only ID minimizers are the simple periodic 
functions of period 2h/M* orof period 2/1/M2 (i.e., no function alternating bumps 
of size 2h/Ml and 2/i/M| can be a minimizer). 

For the purpose of the forthcoming discussion, let us remark that if /3 ^ sL/K^, 



and 

min 




with Cg — the constant appearing in (2.11). 

4. PROOF OF THE MAIN RESULT: SECOND STEP 

The result of the previous section can be restated in the following way: if 
vm is a periodic function on [0, h\ with v'j^ = ±1 and M corners located at y^, 
i = 1, . . . , M, then 

/3|kM||j^i/2([o,fel) + £LM>Ei^(M)+/3coE(/i«-]^^) , (4-1) 

1=1 

where hi — yj+i — yi. In this section we make use of (4.1) and, by combining it 
with a Poincare inequality, we prove that in the regime (2.15) all the minimizers 
are one-dimensional (and, therefore, periodic, by the results of Section 3). 
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Let M — mina.g[o,L] N{x) and let 

X = ml{x e [0, L] : N{x) = M} . 



(4.2) 



Moreover, let vuiv) = u{x, y). By the lower semicontinuity of N{x) (see the lines 
following (2.5)), N{x) = M. We rewrite 



Siu) 



> 



I- dx dy \uA^ + e dx(N(x) - M) > (4.3) 

JO JO Jo 

+ /3(||«o||hi/2([o,/i]) - lkM||Hi/2([0,/i])) + 



+ / dx dy \u:c? + £ dx{N{x) - M) , 
Jo Jo Jo 



where the right hand side of the inequality differs from the left hand side just 
by the upper limits of the two integrals in dx, which were set equal to x (in 
other words, in order to bound S{u) from below, we dropped the two positive 
integrals dx J^dyluxl"^ and e dx{N{x) — M)). Now, if a; = 0, then u is 
one-dimensional, u{x, y) = Uo{y) = VM{y), and we reduce to the discussion in the 
previous section. Let us then suppose that x > 0. In this case, the first term of 
the fourth line of Eq.(4.3) can be bounded from below by 

rx rh rh 

/ dx dy\u^\^>- dy\vM{y) - uo{y)\'^ . (4.4) 
Jo Jo X Jo 

The second term of the third line of Eq.(4.3) can be rewritten in the form: 



'"o||h1/2([o,/j]) - I|'^m||^i/2([o,,j])) - /3||W0 - 'i^M||Hi/2([o,ft]) + 

+ 2/3{vm, Uq - Vm)//1/2([o,/i]) 

where, given two real /i-periodic functions / and g, 

Af{y)-f{y')){9{y)-9{y')) 



(4.5) 



rh r+oo 

{f,9)m/mo,h]) ^ dy dy' 

JO J—oo 



\y-y 



/|2 



= 4n' Y.\k\r{k)g{k). 
feez 



(4.6) 



Using Cauchy-Schwarz inequality we find 

if: 9)m/2{io,h]) 



< 4n'Y.\k\\m\m)\< 

k€Z 
471^ 



(4.7) 



< 2n 



^j:\knnk)\f'-[hj:\m\ 



1/2 



27r||/'||L2([o,,,]) ■ \ \g\\L\io,h]) ■ 
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Using (4.5), (4.7) and the fact that \v']^\ — 1 for a.e. y, we find that 

/^(ll'"o||^i/2([o,/j]) - lbM||^i/2([o,/j])) > /3||Mo - ^^m||^i/2([o,/,]) - 

- 47r/3/i^/^||Mo - WM||L2([o,ft]) • (4.8) 

Combining (4.1), (4.3), (4.4) and (4.8), and neglecting the positive term P\\uo — 
^m||^i/2([o,^]), we get 

S{u) >EiD{M)+/3co^(hi-—) -^7rPh^/^\\uo-VM\\LH[o,h]) + 

+e r dx{N{x) - M) + ^\\uo - vm\ \h([o,h]) ■ (4-9) 

t/ X 

The term e Jq dx{N{x) — M) is bounded from below by 2ex (simply because, by 
construction, N{x) — M > 2 for all x < x). Therefore, the last two terms in the 
r.h.s. of (4.9) are bounded from below by 



e r dxiNix) - M) + \\\uo 
Jo X 



> 2V2e\\uo - VM\\L^([o,h]) , (4.10) 

which gives us a chance to balance the error term —A7r/3h^^^\\uo — i'm||l2([o,/i]) in 
(4.9), which is linear in | \uo — VM\\L'^{[o,h])j with the sum of the interfacial and the 
elastic energies. In fact, by plugging (4.10) into (4.9), and neglecting a positive 
term, for any minimizer u we get 

E,d{M*) > S{u) > E,d{M) + /3co E (hi - — ) (4.11) 

i=l 



+2{V2e - 27r/3\/^) | \uo - vm\\l^ 



i[0,h]) ' 



where M* is the even integer minimizing Ei£,{M). In the regime (2.15) where 
\/2e — 27r/3\/h > 0, Eq.(4.11) implies that Uq = Vm, that is, as observed above, the 
minimizer is the optimal one-dimensional periodic striped state. This concludes 
the proof of Theorem 1 in the regime (2.15). 
In the complementary regime 

(27r2/i)-V2£V2 < ^ L-V3£V3 ^ (4.12) 

a similar strategy implies an apriori bound on M, which will be useful in the 
following. More precisely, by combining Eq.(4.9) with 

3||Mo-^^M||i2([o,^])-47r/3\/^||Mo-VM||L2([o,ft]) > -An'^P'^hx > -An'^P^hL , (4.13) 
we find that for any minimizer u 

Eid{M*) > S{u) > E^d{M) + /3coE (^i ~ m) ~ ^Ti^/J^/iL . (4.14) 
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Recalling that EmiM) = pCoh^/M+eLM and the fact that \M* - ,JJcJ}pJeL\ 
2 (see (3.9)), from (4.14) we find that 



< 



\M -M* 



< (const.) • i^e-^/^L^/^f/" < 1 . (4.15) 



5. PERIODICITY OF THE MINIMIZER: THE FULL SCALING 

REGIME 

We are now left with proving Theorem 1 in the scaling regime (4.12). In this 
case the proof is much more elaborate: the rough idea is to apply the reasoning of 
the previous section locally in y. We localize the functional in horizontal stripes 
of width Hj, comparable with the optimal period 2h/M* ~ \J^L/ (3. In each 
strip, the combination \f2e — 2'K{i^Ti appearing in the right hand side of (4.11) is 
replaced by V2i - C/3y^ > \/2i - C"/3(£L//3)^/^ for suitable constants C, C"; 
now, the latter expression is > as long as /9 -C L~^/^£^/^, which will allow us to 
conclude that in every strip the minimizing configuration is ID. 

In this section, we first discuss how to localize the functional in horizontal 
strips, then we distinguish between "good" and "bad" localization intervals, and 
finally describe the lower bound on the local energy for the different intervals. 

For simplicity, from now on we set /i = L = 1. Here and below C, C", . ■ ■ , and 
c, c', . ■ ■ , denote universal constants, which might change from line to line. We 
assume that u{x,y) is a minimizer, that (3 > c£^/^, and that e and Pe~^^^ are 
sufficently small. 



A. A localized bound 



Our purpose in this subsection is to derive a local version of the error term 
-4:7if3h^/^\\uo - VM\\m[oM) inEq.(4.9). Let uo{y) ■.= u{0,y) and ui{y) ■.= u{l,y). 
Set F(u) = Jq*^ dx dy\ux\'^+e Jq{N(x) — M), denote hy Zi, i = 1, ... , M, the loca- 
tions of the corners of Ui and by hi = Zj+i — Zi the distances between neighboring 
corners. Note that the number of corners of Ui is equal to M = mina,g[o^i] N[x), 
because m is a minimizer and, therefore, u{x,y) = u{x,y) for all x < a; < 1, 
with x defined as in (4.2); in fact, the choice u{x,y) = u{x,y) for all a; < a; < 1 
minimizes the two nonnegative contributions to the energy dx Jq dy \ux\'^ and 
e dx{N{x) — M), making them precisely zero, see Eq.(4.3). 

Instead of vm, we now consider a general test function w{y), to be specified 
below, periodic on [0, 1] and with a number of corners smaller or equal to M. We 
denote hy Zi, i — 0, .. . Mq — 1, the locations of the corners of w (labelled in such 
a way that < < < • • • < ^Mq-i < 1)) and by hi — Zi+i — Zi the distances 
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between subsequent corners. In the following, it will be useful to imagine that 

w is associated to a sequence of exactly M corner points, even in the case that 
Mo < M. These M corner points will be denoted hj Zi, i = 0, . . . , M — 1 and 
they will have the property that < < 5i < ■ ■ ■ < Zm-i < 1- In the case 
that Mq = M, the sequence of 5j's coincide with the sequence of Zi's; otherwise, 
if Mq < M, the sequence of the ^j's will be formed by the original sequence of 
Zj's plus a set of (M — Mq)/2 pairs of coinciding points. We define hi = Zi^i — Zi 
and note that now, in general, some of the /ij's can be equal to 0. 
Proceeding as in the previous section, for any minimizer u we get 



EiD{M*)>E{u) > [/3\\w\\l^/, + eM]+2/3{w,uo-w)Hi/2+F{u) (5.1) 
> E,d{M) + /3co ^ {hi - T^f + 2/3(w, uo - + F{u) . 

i=l 

The first observation is that with the help of the Hilbert transform we can write 
(5.1) in a more local way. In fact, 

{w,uo - w)hi/2 ^ {'Hw',uo - w)l'2 , (5.2) 

with T-L the Hilbert transform, acting on a periodic function / in the following 
way: 

{Hf) (y) = 27r E ^hk)e'''''^ = P.V. dy' cot 7r(|/ - y') {f{y') - f) , (5.3) 



where P.V. denotes the Cauchy principal value and / = f{y)dy. Combining 
(5.1) and (5.2) we get 



_ 1 

Eid{M*) > £{u) > EioiM) + /3co E Ch^ - tt)' + m'Hw', Uo - w)^^ + F{u) . 

i=l 

(5.4) 

We now want to bound 2f3{'Hw',Uo — '?i;)L2{[o,/i]) from below by a sum of terms 
localized in small intervals Ik C [0, h], which will be the local version of the error 
term — 47r/3/i^/^| |mo— vmI |l2([o,/i]) in Eq.(4.9). First of all, note that, if {Ik}k=i,...,M/2 
is a partition of the unit interval, 2/3{'Hw', Uq — w)l2 can be decomposed as 

M/2 

2/3{nw',uo - w)L2(^[o,h]) = 2/3 X! / dy'^w'iy) {uo{y) - w{y)) . (5.5) 

k=i 

In the following we shall choose the partition {1^} in a way depending on mi, 
such that each strip [0, 1] x will typically (i.e., for most k) contain two or 
more interfaces of w (as proven by combining the definition of {7^} with a priori 
estimates on Jq dx Jj^ dyu% see Lemma 1 below). Moreover, we shall choose w 
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in a way depending on {7^} and on uq, in such a way that every 1^ contains at 
most two corner points of w and Jj^ dy{uo — w) = 0. Once that {7^} and w are 
given, every term in the r.h.s. of (5.5) can be bounded as: 



/ dyl-iw' [uq — w) = I dy{l-Lw' — 'Hw'){uq — 

Jlk J h 



w 



< \\nu/ - Hw'\\\2^^)\\uq - wWl-^^^) 

< Hl''^\\nw'\\\MO{iu)\\'^o-w\\L2^i^) , (5.6) 



where Hk := \Ik\-, 'Hw' := \Ik\ ^ Ji^dyHw' and the Bounded Mean Oscillation 
(BMO) seminorm is defined as 



MllMOii)^ sup 1 / dy\g{y) - g^a,b)\'^ , 9{a,b) tt r/ dyg{y). 

{ab)cl I" — ^1 •''^ I" — ^1 

(5.7) 

Now we exploit the fact that the singular kernel cot 7T{y — y') maps bounded 
functions into BMO functions [31]. Thus, WT-Lw'WBMOih) ^ C*] |loo(7^) < C, 
uniformly in w' as long as \w'\ < 1. Therefore, combining (5.5) with (5.6), we 
find that there exists a universal constant c such that 

M/2 

2P{nw',uo - w)l2 > -cP Yl ^i^'ll^o - , (5.8) 



k=l 



which is the desired local version of the error term —4:TT(3h^^'^\\uo — i'm||l2([o,?i]) in 
Eq.(4.9). 

Plugging (5.8) back into (5.4) and using the fact that Eid{M*)-Eid{M) < 0, 
we find that for any periodic sawtooth function w with a number of corners < M, 



M ^ M/2 



PcoEihi - jtY + F{u) <cPY. H^Wuo - w\y^:,^ , (5.9) 

i=l k=l 

which is the main conclusion of this subsection. 



B. The choice of the comparison function w 

In this subsection wc first choose the partition {7^} and the test function w 
to be used in (5.9); next, we explain how to use the latter inequality in order to 
prove Theorem 1. 

Recall that 2;^, i = 1, . . . , M arc the corner points of u\. Wc assume without loss 
of generality that u'^ = +1 in {z2k, Z2k+i), k = 1, . . . ,M/2, and we define = 
Z2k+z2k+i _ ^ak,ak+i), k = l,...,M/2 (since we use periodic boundary 

conditions, we shall use the convention that Oq = aM/2 and Iq = Im/2)- Note 
that, by construction: (i) ui has exactly two jump points in every interval 7^; 
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FIG. 1: The function ui in the intervals Ik-i = [ak-i,ak), Ik = [o-kjO'k+i) and Ik+i = 
[ak+i,ak+2)- 

(ii) the jump points are "well inside" the intervals Ik] (iii) u'i{ak) — +1; (iv) 

Hk^^ + h2k+l + ^. 

Regarding the choice of the test function, we choose w to be the sawtooth 
function such that: 

(i) w = Mo on dik ; (ii) w' = +1 on dik ; (iii) {w — Uq) = , (5.10) 

''Ik 

for all A; = 1, ... , M/2. In every interval Ik, w is uniquely specified by the two 
corner points Z2k+i, Z2k+2 chosen in such a way that: Uk < Z2k+i < Z2k+2 < Ofc+i, 
w'{y) = +1 for y e {ak,Z2k+i) U {z2k+2,ak+i), w'{y) = -1 for y e {z2k+i, Z2k+2) 
and Jj^ w — Jj^ Uq (these two corner points are uniquely defined only if ^ +1 
on Ik, if u'o = +1 on 1^, then we set Z2k+i = ^2^+2 = 




k ^k+1 



FIG. 2: The function uo (full hne) and the test function w (dashed line) in the interval 
Ik = [o-ki o,k+i)- The function w on 1^ and, correspondingly, the locations of its corners 
^2^+1 and Z2k+2, are determined by the conditions that (i) w = uq on dik, (ii) w' = +1 
on dik, (in) Jj^{w - uq) = 0. 

Note that with the definitions above, w is a sawtooth function with Mq < M 
corner points, associated to which is a sequence Zi, i — 1, . . . , M, satisfying the 
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properties described before (5.1) and Ji^{uo — w) — 0; therefore, w satisfies (5.8). 
Let 



Z2k-1 + Z2k 



,(^k), ^k ■- [(^k+1, ^ ), -'fc •- -'fc UifeU J, 



rR 

k 



(5.11) 

Moreover, let I^* := I^-i U U Ik+i- With these definitions, we can rewrite the 
left hand side of (5.8) as J2k=i ^k, where 



Fk = ^ ik -M f+o L dy d^< + 7, dx {N{x)\ - 4) , (5.12) 



and N{x)\j* is the number of corner points of u{x, ■) in I^. In the following we 

k 

shall denote by F^^^ the first term in the r.h.s. of (5.12), by F^^^ the second term 
and by Fj. ' the third term. Using these definitions, (5.9) can be rewritten as 

M/2 

^ (Fk - cPHl^'Wuo - w^||l2(4)) < . (5.13) 

k=l 

Our next goal is to derive a lower bound on the l.h.s. of (5.13) of the form 

M/2 , M/2 M/2 



k=\ ^ k=\ k=\ 

(5.14) 

for a suitable a > 0. Plugging (5.14) into (5.13) gives 



2 



E (^^ - m)' + 2 i) k "^^""^ + ~ I (^(^) - M) < , 

(5.15) 

which implies that u-r = and N{x) = M, and concludes the proof of Theorem 
1. 

The rest of the paper will be devoted to the proof of (5.14). In order to get 

1/2 1 1 

bounds from above on Hf^ \\uo — w\\l2i^j^-^, it will be convenient to distinguish 
between "good" and "bad" intervals, and to proceed in different ways, depending 
on the nature of the interval I^- 



C. Classification of the good and bad intervals 

We shall say that 

• 4 is "good" (of type 1) ff maxfc_i<i<fc+i //^ < 6/M, F^^^ < r]/M^, and 
min2fc-i<j<2it+3 > k/M, for suitable constants r),K, to be conveniently 
fixed below. 
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Note that if u{x,y) is the periodic sawtooth function in (2.13), as we hope to 
prove, then all the intervals Ik are good. Conversely, if Ik is good, then u{x, y) \y&i* 
is in some sense close to the optimal ID configuration. More precisely, if Ik is good, 
then its length is of the same order as 2/M; moreover, the corners of Ui\i* are 
well separated, on the same scale, and Mil/** is close to Uq\i** in L^, on the natural 
scale: in fact, by the Poincare inequality, ||mo — "^11112(7**) < SF^^^"* < Srj/M^. 

The "bad" intervals will be further classified in three different types; we shall 
say that: 

• Ik is of type 2 if maiKk-i<i<k+i Hi < 6/M, Pj^^^ < rj/M^, and 
min2fe_i<j<2it+3 hj < k/M; 

• Ik is of type 3 if maxfc_i<j<fc+i Hi < 6/M and F^^^ > rj/M^; 

• Ik is of type 4 if maxfe_i<j<fc+i Hi > 6/M. 

We denote by Ig, q = 1,...,4, the set of intervals of type q; note that 
Uglg = Ufc{/fc}. In the following we describe how to obtain upper bounds on 
cpEk:hGX,Hl^^\\uo - w||i2(j^) of the form (5.14), separately for q = 1,2,3,4. 
Here and below we denote by c, c', C, C", . . . , universal constants independent of 
ri,K. 



D. The lower bound: the good intervals 



For intervals of type 1, the key estimates to be proven are the following. 

Lemma 1 Let Ik be an interval of type 1. If r)K~^ is small enough, then 
N(x) > 2, N(x) and N(x) ^ > 1, Vx e [0, 1]. 

Lemma 2 Let Ik he an interval of type 1. Let us define Xk — inf^£[o_i]{x : 
N{x)\i* < 4} and u{y) = u{xk,y)- If n and rjK~^ are small enough, then there 
exists a constant C independent ofr],K such that 

\\uo - w\\l2(i^) < Ck~^/'^\\uo - m||l2(/**) • (5.16) 

We first show that Lemma 1 and 2 imply the desired bound, 

m'J'Wuo - wWl^,) < CK-''\Pe-"y Fk . (5.17) 

Note that (5.17) implies (5.14) for all a < 3/4 (because Pjf'^ > for intervals of 
type 1). The strategy to prove (5.17) from Lemma 1 and 2 is the same followed 
in Section 4 to prove (4.10): we use an interpolation between the interfacial 
energy and the elastic energy to get a lower bound for Fk, which is linear in 
W^o — 'W^||l2(4)- In fact, if Xk — 0, then by definition u — Uq and, by Lemma 2, 
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uo = w on Ik, in which case (5.17) is obvious. If Xk > 0, then, by Lemma 1, 
Fk> I lo'' dx Jj*. ul + ^ Jq'' {N{x)\j, - 4). Using the Poincare inequahty and the 
fact that, by definition of Xk, N{x)\j* — 4>lif0<a:< Xk, we find: 

k 

~ 1 .. _..2 e_ /2e\i/2 _ 

Fk> —\\uo- u\\l2(^j,,) + -Xk > \\^o~^\\LHir)- 

> C£^/V/'||liO-«;||L2(j,) , (5.18) 

where in the last inequality we used Lemma 2. Using (5.18) and the fact that for 
type 1 intervals Hk < 6/M < cs^/^p-^/'^ (see (3.9) and (4.15)), we find (5.17). 
Let us now prove Lemma 1 and 2. 

Proof of Lemma 1. Let us start by showing that N{x)\ii^ > 2. Let us assume 
by contradiction that there exists x* such that N{x*)\ii^ < 2. Let v{y) = u{x*,y) 
and let us consider the intervals Jk,i = {z2k+i — -^,Z2k+i + 4^) and Jk,2 = 
{z2k+2 — 4^, Z2k+2 + 4^)- Note that by the definition of type 1 intervals, Jk,i and 
Jk,2 are disjoint and both contained in 7^. Since v{y) has less than two corner 
points in 7^, then v{y) has no corner points in at least one of the two intervals 
Jfc,i and Jfe,2, say in Jk,i. Now, SF^^^ > /J, dxjj^dyul > \\ui - v\\l^(^j^^^y Using 
that V has no corners in J^^i, one finds that SF^^^ > \\ui — "^Wlzi-Jk 1) — ck^ l^^i 
a contradiction if r]i<i~^ is sufficiently small. The proof that N{x)\jL,r > 1 is 
completely analogous. This proves Lemma 1. Moreover, it proves that u(x,-) has 
at least one corner in each of the intervals Jk-1,2, Jk,i, Jk,2, Jk+1,1, Va; e [0, 1]. ■ 

Proof of Lemma 2. By the definition of Xk and by the result of Lemma 1, 
u{y) — u{xk,y) has exactly 1 corner point in 7^ (located in Jk-1,2), exactly 1 
corner point in 7^ (located in Jjt+1,1) and exactly 2 corner points in Ik (one 
located in Jk,i and one in Jk,2)- We shall denote by 2;*, j = 0, 1, 2, 3, these corner 
points (with Zq < zl < Z2 < z^). Moreover, u'{y) = +1 if y e izo,zl) U {z2,z^) 
and u'{y) — —1 ii y e {zl,Z2). By the definition of Jk,i and Jk,2, we have that 
Z2 — zl> k/{2M) and min{afc — Zq, z\ — a^, ttk+i — z^. z^ — ak+i} > k/(4M). 

Let S := M^/^\\uo — "^ilU^g**)- If 5 > Sq, with 6q = CqK^'"^, then (5.16) is proved; 
in fact, in this case, since uq = w on dik and |(mo — wy\ < 2, ||mo — tf ||i,2(4) < 
c'hI'^ < c"M-3/2 < (c75o)||mo-'«||l2(7-) = c"'k-^I^\\uq-u\\l2(i**), which is the 
desired estimate. 

Let then 5 < 5q and let us note that \\w — u\\l^(^qi^) = \\uo — -ul |/,oo(g/^) < 
4k~^/^5M~^. Indeed, if, by contradiction, Uo{ak) — u{ak) > Ak~^^'^5M~^ , then 
uo{x)-u{x) = uo{ak) - u{ak) + Ja^{uQ - l){y)dy > uo{ak)-u{ak) > iK'^^^SM-^, 
for all X e (^Q, ttk) (here we used that = 1 in {z^, z^) and |mq| < 1); similarly, if 
u{ak) — UQ{ak) > Ak'^^^SM"^, then u{x)—Uo{x) > u{ak) — Uo{ak) > 4«;~-^/^5M~\ 
for all X e {ak,zl); in both cases, using the fact that min{afc — Zq,zI — ak} > 
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k/{AM), we would find SM~^/^ = \\uo - u\\l2(i**) > 2SM~^/^, a contradic- 
tion. Now, let 5^ = w — u and let g* = g{y*), with y* G Ik, such that 
\g{y*)\ = 1 1(71 |loo(7^). We want to prove that if n is sufficiently small, then 
\g*\ < K~^/'^5M~^] if this is the case, then | |-uo — ""^1 ^2(4) < 5M"^/^ + ||5'||l2(4) < 
5M-3/2 + ^M-V2/^-5/2^M-^ = {1+^/&k-^I^)\\uo-u\\l^(^i**), which is the dcsired 
bound. 

Let us then assume by contradiction that \g*\ > K~^^'^dM~^. Note that by 
construction g has the following properties: 

1. |b|U-(a7.) <4«-V25M-i; 

2. there exist 2/1,1/2,1/3,1/4 such that: (i) at < yi < y2 < ys < y^ < Ofc+i; (ii) 
g'{y) = for 1/ e (afc,i/i) U (1/2,1/3) U (i/4,afc+i), fi-'d/) = m for 1/ e (1/1,1/2) 
and g'{y) = —m for 1/ G {y3,y4), with |m| = 2; 

3. if we define Ai = 1/2-1/1, A2 = I/3-I/2 and A3 = 1/4-I/3, then A1+A2+A3 > 
Z2-zl> k/{2M). 



















\y4 


ak yi y?, y^ \ a 


k+l y 





FIG. 3: The function z = g{y) in the interval = [a^, a^+i). The two horizontal dashed 
lines are z = ±4k~^/^5M~^. Since ||5f||Loo(97j^) < 4:K~^/'^6M~^ , the two horizontal 
portions of the graph of g in the intervals {ak,yi) and {y4,ak+i) stay inside the strip 



Let us assume without loss of generality that m — +2, so that g* — max/^^, g > 
re-5/25M-i and {g* - Ak'^/'^SM-^) /2 < Ai < {g* + Ak-^/^5M-^) /2, both for 
i = 1 and i = 3. Now, if A2 < fi:/(4M), then Ai + A3 > k/(4M) and Af + A| > 
K^/{32M'^). On the other hand, using that Jii^{uo — u) — Jj^ g, we find: 



5M 



-3/2 



\U0 — m||l2(7*.) > Hj^ 



■1/2 



/ {uq-u) 
''Ik 



-1/2 



f Ml/2 ^ 
/ ^ - / ^ 



(5.19) 
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Now, denoting by yi and y4 the two points yi — y2 — ^ ~ 2 ^4 ~ 

ya + g*-^'^"^^'^^"' such that g{yi) = ^(^4) = +Ak-^/^5M-^ (see Fig.3), we can 
bound I 4 c/| from below as | Jj^g\ > I~^[g* -2{y2-y)]dy + J^^ig* -2{y -y3)]dy - 
4:K~^/'^SM~^[{yi — Qk) + (otfe+i — ^4)], which imphes 



SM 



-3/2 > ^ \^ C'k'^'^SM'^ 



> 



MV2 _ 4K-V25M-1 



> 



V6 L^* + 4k-V25M- 



-(A2 + A^) -C"fi;-i/'5M- 



> 



> d 



r K 
M2 



(5.20) 



where in the last inequality we used g* > k ^/'^5M ^ and the fact that n is 
sufficiently small. Eq.(5.20) implies 

a contradiction if cq is chosen small enough. Finally, if A2 > «;/(4M), then 

MV2 



^^-3/2 > 



v/6 





^ Ml/2 




~ V6 ^ 



A2(7* - C'k-i/^^M-' 



> c'/^-3/25M-3/2 - C"/^-i/25M-3/2 , 



(5.21) 



which leads to a contradiction if k is sufficiently small. This concludes the proof 
of Lemma 2. ■ 



E. The lower bound: the bad intervals 

For intervals of type 2, 3 and 4, the key estimate that we shall use is the 
following. 

Lemma 3 Let Ik he an interval of any type. There exists a constant C inde- 
pendent ofr),K such that 

1/0 

\\uo-w\\l2(i^^) < Ciffc I |mo - Mil Il2{/j^) • (5-22) 

Proof of Lemma 3. First of all, note that (5.22) is invariant under the rescaling 
Ik — )■ Ijf^ = [iak,iak+i) combined with u{y) — ?> u^^\y) = £u{y/£); therefore, we 
can freely assume that Hk = 1 and we denote by / = [0, 1) the corresponding 
rescaled (unit) interval. Let y* be such that \{ui — UQ){y*)\ = \\ui — Mo||l=°(/); 
using that \{ui — mo)'| < 2, we find that | |mi — mo| < \{''^i~''^o){y)\ + 2|y — 
yy E I. Without loss of generahty, we can assume that y* is in the left half of /, 
in which case, for any < 5 < 1/2, 

\\ui - uo\\l'>o(^i) < -y\{ui - uo){y)\ + S < 6~^'^\\ui - uqWl'^I^i) + 5 . (5.23) 
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Now, if — iio||L2(7) > 2~^/^, then (5.22) is triviah in fact ||wo — ■"^||l2(7) < l/'s/S, 
simply because \{uo — 'w){y)\ < 2min{y, 1 — y}, and, therefore, \\uo — ^11^,2(7) < 
Y^2/3 \ \ui — Uo\\]^2(^jy which is the desired estimate. 

Let us then suppose that — mo||l2(/) < 2~^/^. In this case, choosing 5 = 
\\ui — Mo||i2^(/) in (5.23), we find that r := \ \ui — mo||l°°(7) < 2||mi — iio||L2^/) < 1- 
Let us now define, in analogy with the proof of (5.20)-(5.21), g = w — Ui, and 
let g* = g{y*), with y* e [0,1] such that \g{y*)\ = \\g\\L°°ii)- Note that by 
construction g has the following properties: there exist yi, ^2, 1/3, 1/4 such that 
< yi < 1/2 < 1/3 < 1/4 < 1 and g'{y) = for y G (0,i/i) U (1/2,1/3) U (1/4,1), 
g'{y) = m foi y E (1/1,1/2) and g'{y) = —m for y G {y3,y4), with |m| = 2. We also 
define Ai = 1/2 — 1/1, A2 = 1/3 — 1/2 and A3 = 1/4 — 1/3. Let us distinguish two more 
subcases. 

1. \g*\ <9t. In this case, ||mo~'^||l2(/) < Hmq — 'W^||l°°(/) < 10| |mi — mqI < 
20||mi — Mo||i2'(7) < 2"^/^ • 10||tii — Mo|Il2^/), which is the desired bound. 

2. > 9t. In this case, proceeding as in the proof of (5.20)-(5.21), we find: 

T > I ^(ki -uo)\ = I l^{u, -w)\> ^{Aj + Al) + I/IA2 - T 

> ^(Ai + A3)' + |/|A2-r . (5.24) 

If Al + A3 > 3^/T or A2 > 1/4, then (5.24) implies that 2t > 9t/4, which 
is a contradiction. Therefore, Ai + A3 < Sy/r and A2 < 1/4; using that 

{8/9)\g*\ < \g*\-T < A1+A3, weget \g*\ < (27/8) ^/r. In conclusion, \ \uo- 

w\\lHi) < \\uo- wIIl-c/) <r+ (27/8) V? < (35/8) < (35^2/8)1 - 

1 1 1/3 

Mo||/;2(7), which is the desired estimate. ■ 

Let us now show how to use Lemma 3 in order to get a bound from above on 
Efe:7fc6X, (Fk - c/3HI^^\\uo - w\\l2(i^)), Separately for ? = 2, 3, 4. 

1. Intervals of type 2 

In this case, the key remark is that, if k and r]K~^ are small enough, then 
necessarily 

min h^< — . (5.25) 

2fc-l<i<2fc+3 ■' ~ 2M 

Let us prove this fact. If mm{Hk^i, Hk, Hk+i} < 1/{2M) the claim is obvious, so 
let us assume that min{iJfc_i, Hk, Hk+i} > 1/(2M). Let us first consider the case 
that /i2fc*+i := min{/i2fe-i, /?.2fc+i, /i2fc+3} < k/M. In this case, using that /i2fc*+i = 
Hk*/2 - [ui{ak*+i) - wi(afe*)]/2 and h2k*+i = Hk*/2 - [uo{ak*+i) - uo{ak*)]/2, we 
find that |/i2fe*+i — ^2ifc*+i| < 2\\ui — Mo| |l°°(7s.»)- On the other hand, if y* is such 
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that \{ui — Uo){y*)\ = \\ui — mo||l°°(4.), using that \{ui — tto)'| < 2, we have that 
11^1 — Mo||L°°(/fe.) < I (mi - Mo) (y) I + 2 b - I , Vy e 4* . Proceeding as in the proof 
of (5.23), we find that for any S < Hk*/2, 

\\Ul -MoIIl-(V) < S~'^^'^\\Ui -Mo||L2(7fc.) +5 • (5.26) 

Choosing 5 — \\ui — i^ol Il2^(/^»), which, by Poincare inequahty, is smaller than 
[3F^!^]^/^ < {3r)y^^M~^ (which is in turn smaller than Hk* /2 for rj small enough), 
we find: 

|/i2fc*+i - h2k*+i\ < 2||mi -mo||l°=(4*) < 4||mi -mo| 1^2^(4,) < 4(3r7)^/^M"^ =^ 
~ K + M3ri)^ 1 

^2.*-fi< (5.27) 

where in the last inequality we assumed that k, and rj are small enough. 

By definition of type 2 intervals, we are left with the case that 
min{h2k, h2k+2} < k,/M. Without loss of generality, we can assume that 
h2k < K,/M and min{/i2fc-i, /i2fc+i5 ^2fc+3} > k/M; by contradiction, we as- 
sume that h2k > 1/(2^), so that max{52fe+i ~ o,k,o,k ~ ^2fc} > Vl^^), say 
W-flfc > 1/(4M). 

By (5.26), r := | |mi — mo| |l°°(7**) < — uo\\l^{i**) + 5, so that, choosing 

5 — \\ui — Mo||^2g**-), we get — mo||l°°(/**) < 25 < 2(3r7)^/^M~^, by Poincare 
(see the fines following (5.26)). Proceeding in a way analogous to the proof of 
(5.20)-(5.21), we define g — w — Ui, so that: 

2(3r;)i/3 . . . M 



M " 



r Mr 

/ (Mo-iii) >— I / g\. (5.28) 



Recall the assumptions on hi and h2k'- ^2fc < min{/i2fc_i, /i2fe+i, ^2^+3} > 

k/M, and ^2^+1 — dk ^ 1/(4M). Therefore, g has the following properties: there 
exist 1/1,1/2,1/3,1/4 such that ak < yi < 1/2 < Vs < < ctfc+i and g'{y) = for 
y e (0,1/1) U (1/2,1/3) U (i/4, 1), g'iy) = m ior y e {yi,y2) and ^('(i/) = -m for 
1/ e (1/3,1/4), with |m| = 2; moreover, if Ai := y2 - yi and A2 = y^ - y2, then 
Ai > k/M and Ai + A2 > (1 — 2k)/(4M). If k and rjK'^ are sufficiently smafi, by 
proceeding as in the proof of (5.20) and (5.21), we can bound (5.28) from below 
by 

> r > cM{Ai + A1A2 - cV) > ^ , (5.29) 

which is a contradiction. If /i2fe < k^/M, min{/i2fe-i, ^2fe+i, ^2fe+3} > k/M, and 
Ofe — 52A; > 1/ (4M) , one can proceed in a completely analogous way, by replacing 
Ik by Ik-i in (5.28). This concludes the proof of (5.25). 



20 



Once that (5.25) is proved, we find that 



^EJ,-jif>^ (5.30) 
and, as a consequence, defining := F^^^ + 

^2:= E ^r^^M ^ N,<c-'r'M'F,, (5.31) 



where A/2 = IX2I is the number of intervals of type 2. Now, by Lemma 3 and the 



fact that ||mo — Mi||i2(/ ) < dx Jj dyu^. < 3F^^^\ we have that 



< c"/3 E M-3/2[Ff ■ (5-32) 



Using Minkowski's inequahty, we find: 



E [^rV/'<[ E ^n'^'l ^ l]'^'<c'F2^/'[M^r^F2]''\ (5.33) 

Combining (5.32) and (5.33), we find that 

c/3 E Hl/'\\uo-w\\L2^,^^<c''l3'/'M'/'F,<c'''{Pe-'/Y/'F,, (5.34) 

where in the last inequality we used that M < c{f3/eY/^, see Eq.(3.9). By usmg 
(5.34), defining a := I3e~^^^ and for any a > 0, we get 

E {F,-cPHl/'\\uo-w\\,2^,^)) > \ E ^r + (l-0 E + 



5/6 



A;:/fceX2 



Now, for a small, each term in square brackets is positive, simply because F^^^ > 
ce and F^^^ > —4s, so that (5.14) with the sums restricted to intervals of type 2 
follows. 



2. Intervals of type 3 

In this case we just use the fact that \\uo — w||i2(j^) < Jj^ dy{2yY = {A/3)Hf., 
simply because Uq — w on the boundary of Ik and \ {uo — w)'] < 2. Therefore, if 

c/3Hl/'\\uo - w\\r.^i,) < C/3HI < c'/SM'^ < d'a^'^Pi''^ , (5.35) 
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where in the last incquaUty we used that dy^jef-l'^ <M< c'(^/£)^/^, by Eq.(3.9)- 
(4.15), and < ■q~^F^^\ by the definition of type 3 interval. Using (5.35), 
we get 

E (F,-c/3i7f IK-HUv.)) > ^ E ^r + (l-0 E + 

fe:7fceX3 

Now, for cr small, each term in square brackets is positive, simply because f'^^'' > 
cqea"^/'^ and F^f^ > —As, so that (5.14) with the sums restricted to intervals of 
type 3 follows. 



3. Intervals of type 4 



In this case, if H^* :— max{i?jt_i, Hk, iffe+i}, we have that max2A;_2<j<2fe+4 hj > 
Hk*/3 > 2/M. Therefore, 



/ ("-7 - tt) > cpHL > — r 



(5.36) 



and, as a consequence. 



k:Ik€T4 k:Ik€l4 



M < C^-^FiM^ , (5.37) 



with A/'4 = 1 the number of intervals of type 4. On the other hand, by Lemma 
3, we have that 



(5.38) 



k:Ii^Gl4 k'.Itz&Xi 

By Poincare inequality, ||iio — '^1 Ilia (4) ^ /o^ dx Jj^ dyu^ < 3F^°^\ so that 

rl/2|U,_ _ ,„|| ^ ^/Q H-3/2 r £,(01)1 1/6 ^ ^g^gg^ 



c/5 E ll-o- -11.^(4) <c/3 E ^f[^rV/^< 



fe:4eX4 



k-.Ik&lA 



k:Ik&l4 fc:46X4 



(01) 



1/6 



where the last inequality is Minkowski's. Another application of Minkowski's 
inequality shows that 



fc: 7^6X4 



[ E fff ]^'' < [ E iff •[ E 1 



< c 



fc:4eX4 



3/4 [ 



A::4eX4 



F4 



1/12 



< 



3/4 



F4M2 



1/12 



(5.40) 
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where in the last two inequahties we used (5.37). Substituting in (5.39) we find 

c/3 Yl ^ril«o - wWl^u,) < c{(3Mf'''F^ < c'a^'^F^ , (5.41) 

with a = /3e~^^^. Eq.(5.41) implies 

E {F,-cPHl/'\\u,-w\\,.^j,)) > \ E + (l-0 E + 

k:Ik&4 

Now, for a small, each term in square brackets is positive, simply because 
> ce and ^ > -Ae, so that (5.14) with the sums restricted to intervals 
of type 4 follows. 

Combining the estimates for all different types of intervals, which are all valid 
for K, and 1]^^^' sufficiently small, we finally get (5.14), which implies Theorem 1, 
as discussed after (5.14). ■ 
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Appendix A 

In this appendix we prove (3.4). Without loss of generality, we can assume 
that UQ{y) has a corner point in y = 0. Now, for any fixed a e (0, +oo) we 
rewrite: 

/ dy dy'\u,{y)-uo{y')\\-'^\^-'\ = - dy\u,{y)\'' - 
Jo J-oo a Jo 

1 fNh rNh 

-2 hm - / dy dy'uo{y)My>-"^'-' ' ■ (A-l) 

N-^oo iV Jo Jo 

The latter integral is in a form suitable for applying the "Chessboard estimate 
with Dirichlet boundary conditions" proved in [19], see (3.12) of [19]. However, 
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in this case we want to use "ferromagnetic" reflections, rather than the "antifer- 
romagnetic" reflections used in [19] : in other words, we want to keep reflecting uq 
around the locations of its corner points yi, i = 0,1, ... , Mq — 1, without changing 
sign to the reflected function. The result, analogue to (3.12) in [19], is: 

I rNh rNh 

- dy ciy'tio(yK(l/')e-"l^~''< 

iV JO ^0 

< E / dy dy'uf{y)uf{y')e--\y-y'\ , (A.2) 

with Uq^ the restriction of uq to the interval [yi,yi+i], and its periodic 
extension to the whole real line. Eq.(A.2), combined with (A.l), gives (3.4). 

For completeness, we provide here a proof of (A.2) along the lines of [19] (and 
using a notation as close as possible to the one of [19]). We need to introduce 
some definitions. 

Definition 1. Given a finite interval [a,h] on the real line, let £2,b '■ 
L^([a, 6]) ^ M he the functional defined as 

- f dy f dy' w{y)w{y')e-'^\y-y'\ . (A.3) 

Ja Ja 

Definition 2. Let m,n G Z+ U {+c>o} he such that m + n > 1. Let J-' = 
{f-m+i, . . . , /o, /i, • • • , /„} he a sequence of functions fi e /.^([O, T^]) and Ti > 0, 
with -m < i < n. Let Z-^ = -Yfj=-m+iTj and Zi = Z-m + E}=-m+i^i; for 
all —m < i < n (if m — it is understood that Zq — 0). Then we define 
9?[J-'] G Li^^^{[z-m, Zn]) to be the function obtained by juxtaposing the functions fi 
on the real line, in such a way that, if Zi-i < y < Zi, then (f[T]{y) — fi{y — Zi^i), 
for all i — —m . . . ,n. 

Definition 3. (i) Given T > and f e L'^{[0,T]), we define 9f G L'^{[0,T]) 
to be the reflection of f, namely 6f{y) — f{T — y), for all y G [0, T]. 
(it) If f & L\M), we define ^[f] = </p[^oc(/)] e Ll^{^), where 
J^ooif) = {■■■, fo, fi, ■■ ■} is the infinite sequence with fn = 9'^~^f. 
(Hi) Given a sequence T — {/-m+ij • • • j /n} as in Def.2, we define 
^- = {/_m+i,---,/o} and = {fi,...,fn} (if m = or n = 0, it is 
understood that or, respectively, is empty) and we write J-' = (J-"., J-'+). 
(iv) The reflections of and J-'+ are defined to he: = {Ofo, . . . ,9f_rn+i} 
and 9:F+ = {9fn,...,9f,}. 

Given the definitions above, the analogue of the "Chessboard estimate with 
Dirichlet boundary conditions" of [19] adapted to the present context is the fol- 
lowing. 
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Lemma A.l [Chessbocird estimate with Dirichlet boundciry condi- 
tions] Given a finite sequence of functions T — {/i, . . . , /„}, n > 1, as in Defi- 
nition 2, with fi e L^([0, Ti]), we have: 

n 

^lzM^\)>Y.^^^^M). (A.4) 

i=l 

with 

(Note that the limit in the r.h.s. of (A. 5) exists, because (p[fi\ is periodic and the 
potential e""'^' appearing in the definition of £q ,^j,, is summable). 

Lemma A.l is the deshcd estimate. It immediately implies (A. 2). In fact, 
let: (i) n = NMq; (ii) = yo < l/i < ■ ■ ■ < Un = Nh be the locations of the 
corner points of uq in [0, A^/i]; (iii) Ti = yt - yi_i; (iv) fi{y) = UQ\y - yi-i), 
i = l,...,n. With these definitions, (/^[{/i, . . . , /„}] = Uq on [0,Nh] and 
eoo(/i) = Tr^ ly;^' dy J^^ dy'u''^\y)u'i\y')e-''\y-y'\; in particular, (A.4) reduces 
to (A.2). 

We are then left with proving Lemma A.l. A basic ingredient in the proof of 
Lemma A.l is the following "reflection positivity estimate" (which is the analogue 
of Lemma 1 of [19]). 

Lemma A.2 Given a finite sequence of functions T — 
/o, /i, ...,/„} = (J"_, 7"+), as in Def.2 and 3, we have: 

> + l£l^,-..M^2]) , (A.6) 

where Ti = T+) = {6l/„, . . . , 6'/i, /i, . . . , /„} and Ti = (J"_, = 

{/-m+l, ■ ■ ■ 1 fo, dfo, ■ ■ ■ 1 9f-m+l}- 

Proof of Lemma A.2. We rewrite 

eZ^,M^])= -f dyf dy'^[:F]{yMJ^]W)e-'^\'-''\ 



dy / dy'^[J^\{y)<p[T\{y')e-'^\y-y'\ 
Jo 

-2 r dy r dy'^[T]{y)^[T]{y')e-^^y'-y^ . (A.7) 

Jz-m Jo 

Now, notice that last term on the r.h.s. of (A.7) can be rewritten and estimated 
as: 

f dy r dy'^[T]{y)^[J^]{y')e-"^y'-y^ 

Jz-m JO 
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dyv[{J^_,ej'.)]{y)e-^y dy'v[{9J^+, J'+W)e-'^y (A.8) 
JO Jo 

r—Z-m T 2 1 r 

/ ciy(^[(J-_,^J-_)](y)e-H +- / cit/V[(^-^+,-^+)](y') 



1 

< - 

- 2 



which is equivalent to 

f dy r dy'^[J']{y)^[J']{y')e-<y'-y^ < 

Jz-m JO 

1 1-0 r-z-m , , , 

< - / dy dy'^[J^,]{y)^[F^]{y')e-'^^y-y^ (A.9) 

Z J Z_m JO 

+ - / dy dy'^[:F^]{y)^[:F2]{y')e-^^y , 

Z J-Zr,. JO 



with J^i = {J^_,9J^_) and = {9J^+,J^+). Now, (A.6) follows by plugging (A.9) 
into (A. 7) and by using that 



/ dy [ dy'<f[T]iyMT]iy')e-''^y-y'^ (A.IO) 



and 



/■Zn rZn , ,, 

/ dy'ip[T]iyMT]iy')e-^\y-y\ (A.ll) 

JO JO 

/° dy r dy'^[:F,]{yM:F,]{y')e-^(y'-y) = ^£^,„,,„((^[J2]) ■ 

J—Zn JO Z 



1 fO 

"2 



At this point, in order to prove Lemma A. 2, one needs to inductively iterate 
the key estimate (A.6), as explained in the following. 

Proof of Lemma A.l. We proceed by induction, 
(i) If n = 1, we first rewrite 

^o,2zM{h^ ^/i}]) = 2£o^,^(/0 - 2 / dy dy'hiy) eh{y' - ^i)e-"(^ , 

Jo J zi 

(A.12) 

and we notice that, by definition of 9fi, the second term in the r.h.s. of (A.12) 

can be rewritten and estimated as 

rzi j-2zi 
dy / 

/O Jzi 

By combining (A.12) and (A. 13) we get 



/ dy dy'h{y)h{2z,-y')e-'^^y-y^=\ dy h{yy-''^''~'A >0 (A.13) 

JO Jzi ^JQ ^ 



^Uh)>\^hzM{h,oh}]). (A.14) 
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Iterating the same argument, we find: 
where, by definition, 

2™ times 



fr^{fi,Oh,...,h,eh}. (A.16) 
Taking the hmit m — > oo in (A. 15) we get the desired estimate: 

^o^.,(/i)>rieoo(/i). (A.17) 

(ii) Let us now assume by induction that the bound is vahd for all 1 < n < A; — 1, 
k >2, and let us prove it ior n — k. There are two cases. 

(a) k — 2p for some p > 1. If we refiect once, by Lemma A. 2 we have: 

^S,.j^[{fu---J2p}])> 

^ 2^0,2{z2p-Zp)if[{^f2p, dfp+2, (6'/p+i)®^, fp+2, ■ ■ ■ /2p}]) + 

+^^o%,(^[{/i, • • • , fp-i, /f, Of,.,, 9h}]) (A.18) 

If we now regard (^/p+i)®^ and as two new functions in -L^([0, 2Tp+i]) and in 
L^([0, 27],]), respectively, the two terms in the r.h.s. of (A.18) can be regarded 
as two terms with n — 2p — 1 and, by the induction assumption, they satisfy the 
bounds: 

2p 

^0,2{z2p-Zp)i^[{Of2p, Ofp+2, {9fp+i)'^^, fp+2, ■ ■ ■ f2p}]) > 2 ^ TiCooifi) , 

i=p+l 

^o%,(¥'[{/i,---,/p-i,C^/p-i,---,^/i}]) >2Er,eoo(/.) , (A.19) 

i=l 

where wc used that eoo((6'/p+i)®^) = eoo(/p+i) and eoo(/®^) = eoo(/p). Therefore, 
the desired bound is proved. 

(b) A; = 2p + 1 for some p > 1. If we refiect once, by Lemma A. 2 we have: 
^o,z2,Jf[{h,---j2p+i}])> (A.20) 

^ 2^0,2{z2p+i-zp+i)i^[{0f2p+l, ■ ■ ■ , Ofp+3, {Ofp+2)^'^, fp+3, /2p+l}]) + 

The first term in the r.h.s. corresponds to n = 2p — 1 so by the induction 
hypothesis it is bounded below by Z^i£p+2 ^jeoo(/i)- As regards the second term. 
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using Lemma A. 2 again, we can bound it from below by 

+^^o:2.,+4.,+,(¥'[{/i, • • • , /p, {fp+ir\ ofp, • • • , ofi}]) (A.21) 

By the induction hypothesis, the first term is bounded below by 
(1/2) I]f=i TiCooifi), and the second can be bounded by Lemma A. 2 again. Iter- 
ating we find: 

^"(^[{/i,...,/2p+i}])> (A.22) 

2p+l p 
i=p+2 n>l 1=1 

+ jim 2-%%^^,.,^^^(^[{A, ...,/„ Of,, . . . , ^/J]) . 

Note that the last term is equal to rp+ieoo(/p+i), so (A.22) is the desired bound. 
This concludes the proof of (A. 11). ■ 
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